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Overview

Effective Population Size, N,

Estimating N, from Allele Frequency Changes
Why a Likelihood Approach?

The Likelihood for IV,

Monte Carlo Evaluation of the Likelihood

— Importance sampling

— Approximate Forward-Backward Algorithm
Analyzing Datasets

— Simulated
— Real



Why A Likelihood Approach?

e MLE has smaller variance than previously developed moment-based
estimators

— Simulation Study with Diallelic Loci (Williamson and Slatkin)

e Extension to More Complex Life Histories

— Explicit Stochastic Modelling

e Testing Hypotheses about NV,



Effective Population Size — Translating
Natural Populations into W-F Models
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Why Not a Likelihood Approach

e Exact computation infeasible with more than 2 alleles

e Monte Carlo approximation of the likelihood is not straightforward



Mathematical Notation

Latent Variables Observables (Samples)

» This depicts a single genetic system called a locusl
- Many loci are available, each giving an independent replicate



Transition and Sample Probabilities
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k i1s the number of alleles

There are no computational restrictions that N. be constant in time



The Likelihood for N, given Y

e Note: Integrating out nuisance parameters X

e Assume a (uniform) prior (X ) for them

L(N,) = Py, (Y) = 3 Py, (Y, X)

= Z W(Xo)<HPNe(XtXt1)> (HPNG(YtXt)>

(... T t=1 t=0

The sum is infeasible for more than two alleles



Monte Carlo Evaluation

Pr.(Y) =3 P (YIX) Py, (X) = En, ( Py, (Y]X))

Hence

1 « |
Pn.(Y) = EZPNG(WX(Z))
1=1

Where the X9 are drawn from their marginal (unconditional)
distribution given 7 and the probability laws governing their

transitions.



Importance Sampling

SO ) . ()
Pa(Y) ~ Py, (Y) = %Z X?(C )

where the X (¥ are drawn from the distribution Py (X).

e Best Py (X) is proportional to Py, (Y, X).



Constructing a Suitable Py (X)

e Must be able to sample from it quickly
e Must be able to compute Py (X)
e Py (X) > 0 whenever Py (Y,X) >0

e Should be close to proportional to Py (Y, X)



Baum et al. 1972 Algorithm
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e Forward: Compute and Store Py (X¢|Yo,...,Y?)
e Backward: Realize from Py (X¢|Yo,...,Y:, X¢11)
e Delivers a realized value X from Py _(X]Y)

e Alas, this is also infeasible with more than two alleles



Sequential Treatment of Alleles

e Realize the

X11 X1
X.12 IR I €51 I
X1k Xtk
Y11 Yii
Yio Yio
Yik Yis

components of X sequentially over alleles




Sequential Treatment of Alleles

X0.2 X122 . | X2
X0k X1k Xtk
Y02 Yio Yo
Yor W Yik

e Adjust N., which is now varying in time: (Ne,,..., Ne,)

e Adjust S;. Then continue until all alleles are realized.




Normal Approximation for Realizing Alleles

e Even treating alleles sequentially, the sums are onerous.
e 50, still sequentially realize alleles, but now:

e Approximate binomial probabilities with normal densities:

— Sums are transformed into analytically tractable integrals

— Requires care when transforming back to discrete state
space

— Requires some bookkeeping as well

e Quite fast



Simulated Data Set
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-104 - Real Data Set (Pike)
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Data Source: Miller and Kapuscinski (1997)



Conclusions

We require a dsn ~ Py (X]|Y) for importance sampling in Monte Carlo
State space of X too large for exact Baum algorithm
Employ two approximations to make it computationally feasible

Performs better than | ever imagined possible



