MATHEMATICAL METHODS IN THE APPLIED SCIENCES
Math. Meth. Appl. Sci. 2001; 24:1523–1532 (DOI: 10.1002/mma.213)
MOS subject classi%cation: 76 Z 99

Transitions in function at low Reynolds number:
hair-bearing animal appendages
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SUMMARY
Many types of animals use appendages bearing arrays of hair-like structures to capture molecules (e.g.
olfactory antennae, gills) or particles (e.g. suspension-feeding appendages) from the surrounding water
or air, and to locomote or move <uid past themselves. The performance of these functions depends on
how much of the <uid encountered by the array of hairs <ows through the gaps between the hairs rather
than around the perimeter of the whole array. By modelling such arrays of hairs as rows of %nite width
of cylinders operating at low Reynolds numbers, the <uid velocity %elds with respect to the hairs were
calculated. Such models revealed a transition from non-leaky to leaky behaviour as Re was increased.
The purpose of this paper is to provide a brief review of the features of this transition as revealed
by models, and then to describe examples of how animals use the transition in <uid <ow to perform
particular functions: rejection of captured material by copepods, and sni?ng by lobsters. Copyright ?
2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION
Many diverse animals use appendages bearing arrays of hair-like structures to perform a variety
of important biological functions (reviewed in References [1; 2]). Some of these functions
involve mass exchange with the surrounding water or air, such as the capture of molecules
by gills or by olfactory antennae, or the capture of particulate food by suspension-feeding
appendages. Other functions performed by feathery or bristly appendages involve momentum
exchange with the surrounding <uid. For example, <apping setulose appendages can create
feeding or ventilatory currents past an animal, while hairy legs can propel small animals
through the water and hairy wings can be used by tiny insects to <y. To understand how
hair-bearing structures perform these important biological functions, we must work out how
arrays of small, hair-like cylinders interact with the <uid around them.
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Mathematical and physical modelling revealed a transition in the <uid <ow around and
through rows of cylinders that depends on the size, spacing, and speed of the cylinders
relative to the <uid. The purpose of this paper is to provide a brief review of the features of
this transition as revealed by models, and then to describe several examples of how animals
use the transition in <uid <ow to perform particular functions.
2. MODELS OF FLUID FLOW NEAR HAIRS IN AN ARRAY
The Reynolds numbers of the little hairs on the suspension-feeding, locomotory, and olfactory
appendages listed above range from 10−5 to 10 (reviewed in References [3–7]). The Reynolds
number of a hair (Re = UL=, where U is velocity, L is hair diameter, and  is the kinematic
viscosity of the <uid) represents the ratio of inertial to viscous forces determining the <uid
motion around the hair. Viscosity is very important in determining <ow patterns at these low
Re’s, although inertia cannot be ignored for hairs operating at the upper end of this Re range.
One approach to modelling the <uid motion relative to hairs in a row of %nite width is to
consider the simplest case, a pair of cylinders. Cheer and Koehl [5] calculated <uid velocities
between and around a pair of circular cylinders at low Re using a two-dimensional model.
Fluid velocities far from the cylinders were calculated in polar co-ordinates using Oseen’s
low-Re approximation of the Navier–Stokes equation (which includes inertial eMects), while
<uid velocities near the cylinders were calculated in bipolar coordinates using Stoke’s lowRe approximation. The <ow %eld between and around the cylinders was produced using a
matched asymptotic expansion technique. The model of Cheer and Koehl has also been used
to estimate the <ow through feathery appendages composed of hairs that bear bristles [8–10].
The velocity pro%le between neighbouring hairs was calculated to determine the velocities
encountered at de%ned positions along the length of bristles on these hairs; then these local
velocities were used as the freestream velocities in calculations of velocity pro%les between
adjacent bristles. Because the model described in Cheer and Koehl [5] only deals with two
cylinders at Re60:5, Abdullah and Cheer (unpublished; described in Reference [9]) used a
numerical model to compute the steady, two-dimensional <ow near cylinders at Re’s between
0.5 and 4 and investigated the consequences of adding more cylinders to a row.
Various other approaches have been used to calculate <uid motion through a %lter or hairy
appendage. Such a structure can be modelled as an in%nite row of cylinders (e.g. References
[11–15]) or as a porous plate (e.g. References [16–18; 8]). Comparisons of model results with
measurements of <uid <ow through hair-bearing appendages [8] and through physical models
of such appendages [19; 20; 1] suggest that the model of Cheer and Koehl [5] yields much
better matches with empirical observations than do the other models (except in the case of
arrays of cylinders that form screens, such as the silk feeding nets spun by aquatic caddis<y
larvae [21]).
3. A TRANSITION IN FLUID FLOW AT LOW REYNOLDS NUMBER
When a hair moves through a viscous <uid, a velocity gradient develops in the <uid around
the hair because the layer of <uid in contact with the hair’s surface does not slip relative to
the hair. The layer of sheared <uid moving along with the hair becomes thicker relative to the
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 1. The change in leakiness produced by a change in Reynolds number. Leakiness (de%ned in
the text) was calculated using the model of Cheer and Koehl [5]. DiMerent symbols represent cylinders
with diMerent spacings (G = gap width between neighbouring cylinders; D = cylinder diameter).

diameter of the hair if the Re is lowered. If the layers of <uid moving along with the hairs in
an array are thick relative to the gaps between the hairs, then little <uid may leak through the
array. The ‘leakiness’ of a gap between neighbouring hairs in an array is de%ned as the ratio
of the volume of <uid that <ows through the gap in a unit of time to the volume of <uid
that would <ow at freestream velocity through a space of that width if there were no hairs
present [5]. If the leakiness of a hair-bearing appendage is high, the appendage functions like
a sieve. In contrast, if the leakiness of a row of hairs on a structure is low, then the structure
functions like a paddle, even though it is full of holes between neighbouring hairs.
By integrating the velocity pro%les calculated using the model of Cheer and Koehl [5],
we determined the leakiness of pairs of hairs operating at a variety of biologically relevant
Re’s and spacings (hair spacing is described by the ratio of the width of the gap, G, between
neighbouring hairs to the diameter, D, of a hair). We found that, at a Re of 0.5, little <uid
is dragged along with the cylinders as they move, and leakiness is quite high if G=D is ¿5.
Therefore, appendages whose hairs operate in this Re and G=D range should function like leaky
sieves. In contrast, we found that, at Re610−3 , little <uid moves through the gap between
adjacent cylinders, even when G=D is very high. Thus, appendages whose hairs operate at
such low Re’s should behave like paddles. These calculations [5] reveal that a transition in
the function of an array of hairs, between operating like a solid paddle and functioning like
a leaky sieve, occurs as Re is changed.
The change in leakiness produced by a change in Re is plotted in Figure 1. A change in
Re can represent either a change in the velocity with which an organism moves an appendage
(i.e. an alteration in behaviour), or a change in the diameter of the hairs (i.e. an ontogenetic
change in the size of an individual, or an evolutionary change in the size of members of
diMerent taxa in a lineage). At very low Re, changes in speed or hair diameter have little
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 2. The change in leakiness produced by a change in the spacing of neighbouring cylinders
(G = gap width between neighbouring cylinders; D = cylinder diameter). Leakiness (de%ned in the text)
was calculated using the model of Cheer and Koehl [5]. DiMerent symbols represent cylinders operating
at diMerent Reynolds numbers (Re), calculated using cylinder diameter as the linear dimension.

eMect on leakiness, so we should expect permission in this Re range for diversity in the
size and speed of hairy appendages without consequences to performance that depends on
leakiness. In contrast, at higher Re’s, a transition between sieve- and paddle-like behaviour
occurs as Re is changed. The more widely spaced the hairs, the lower the Re range in which
this transition occurs.
The change in leakiness produced by a change in the spacing (G=D) of the hairs in an
array is shown in Figure 2. At very low Re, G=D has little eMect on leakiness, whereas at
Re’s¿10−2 , G=D can make a big diMerence to leakiness. The higher the Re, the lower the
G=D range in which the leakiness transition occurs. For example, at Re of order 10−1 , the
leakiness of appendages with widely spaced hairs (G=D’s around 50) should be sensitive to
changes in hair spacing, whereas at Re of order 1, only appendages with very closely spaced
hairs (G=D610) are sensitive to changes in hair spacing.
Physical and numerical models of arrays of cylinders have provided more information
about the transition in <uid <ow through hair-bearing appendages. For example, Leonard [19]
and Hansen and Tiselius [20] measured <ow through comb-like physical models at Re’s up to
∼40, higher than those at which the mathematical model of Cheer and Koehl [5] is applicable.
These physical models revealed that leakiness is very sensitive to hair spacing only when hairs
are very close together at Re’s of order 10, and that the critical G=D below which gap width
aMects leakiness becomes lower as Re is increased [1]. Another example is provided by the
model of Abdullah and Cheer (unpublished; described in Reference [9]), which predicts that
the addition of more hairs to a row reduces leakiness if Re¡1, but has the opposite eMect and
increases leakiness if Re¿1. This transition in the consequences to leakiness of increasing
hair number was also noted in experiments involving physical models (reviewed in Reference
Copyright ? 2001 John Wiley & Sons, Ltd.
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[1]). The hair-bearing appendages of animals generally operate near solid boundaries, such
as the surface of the animal’s body. Loudon et al. [7] measured the leakiness of pairs of
cylinders towed towards or parallel to a wall. At Re¿10−1 , we found that the wall made
little diMerence to leakiness, whereas at Re610−2 , we discovered that movement near a wall
increased leakiness. Thus, there is a transition in the type of behaviour that aMects leakiness
as Re is changed: at very low Re’s, moving an appendage bearing an array of hairs close to
the body surface can increase leakiness, whereas at Re’s approaching 1, changing appendage
speed can alter leakiness.
Thus, models of <ow through rows of %nite width of cylinders operating at low Re have
revealed a transition from non-leaky to leaky behaviour as Re is increased. These models led
us to predict that animal appendages bearing arrays of hairs might switch between paddle-like
and sieve-like function if they change their speed of motion in the critical hair Re range at
which the transition in leakiness occurs.
4. BIOLOGICAL EXAMPLES
Fluid movement around and through arrays of hairs on animal appendages has been studied
using various experimental and theoretical approaches. Using high-speed cinematography or
videography of animals as they <ap their hair-bearing appendages, we can measure the kinematics of the hairs on the appendages as well as the velocities of <uid markers moving relative
to them (e.g. References [22; 9; 1; 23]). Morphometric measurements such as hair diameters
can be made using light or scanning electron micrographs of the appendages. These kinematic
and morphometric parameters can then be used to calculate the small-scale velocity pro%les
around individual hairs (e.g. References [8–10]). Alternatively, velocity pro%les around individual hairs can be measured using particle image velocimetry of dynamically scaled physical
models of the appendages. If a model and a real appendage are geometrically similar and
operate at the same Re, they are dynamically similar and the ratios of velocities and forces at
analogous points in the <uid around the model and the appendage are the same. For example,
a large model, moved at a conveniently slow speed in a high-viscosity Newtonian <uid, can
be used to study the <uid dynamics of a microscopic appendage operating at the same Re in
water or air (e.g. References [1; 2; 24; 25]).
Such studies of the hair-bearing appendages of a variety of diverse animals have revealed cases in which the appendages operate as leaky sieves versus others in which the
appendages function like non-leaky paddles, even though they are full of holes (e.g. References [1; 2; 9; 10; 24; 25]). In a number of cases, the array of hairs on an animal appendage
operates in the Re range in which its leakiness is especially sensitive to changes in appendage
velocity. I will describe two such appendages, copepod second maxillae and lobster antennules,
to illustrate how changes in velocity and the consequent changes in leakiness can enhance
appendage function.
4.1. Rejection of unwanted materials by feeding copepods
Calanoid copepods are small planktonic crustaceans (body lengths of a few mm) that can be
very abundant in oceans and lakes. Many copepods eat single-celled algae and thus often are a
critical link in aquatic food webs between the phytoplankton and higher trophic levels (such as
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 3. Diagram of a side view of a copepod, Eucalanus pileatus, rejecting a blob of dye (drawn
in black). The diagram was produced by tracing frames of a movie of the animal (details described in
Reference [22]). Only the left M2 is shown in the drawing. (A) The M2’s scrape along the body surface
and collect the dye on the outside of their array of hairs, and then the M2’s move away from the body
surface in the direction indicated by the black arrow. The dye does not <ow between the hairs of the
M2 during the outward motion (i.e. the M2’s are not leaky). (B) After the unwanted material has
been pushed away from the animal’s body by the M2’s, they move more rapidly back towards the
body surface in the direction indicated by the black arrow. (C) Water <ows between the hairs of the
M2’s during the leaky motion towards the body (water <ow direction with respect to the hairs of
the M2 is indicated by white arrows). This water separates the material being rejected from the M2’s.
The discarded material is then carried away from the copepod in the ‘scanning current’ of water past
the animal that is produced by the <apping of other appendages (e.g. [22; 32; 1]).

%sh). Because copepod feeding is so important ecologically, many studies measuring copepod
feeding rates and selectivity have been conducted (reviewed e.g. in References [26–30]). To
complement these studies, we have been investigating the physical mechanisms copepods use
to catch particles such as single-celled algae.
High-speed microcinematography of seawater labelled with dye and released from micropipettes near the animals while they were catching food particles revealed the appendage
and water motions involved in feeding by a number of species of copepods ([22; 1; 24], Koehl
and PaMenhQofer, unpubl. data). The last stage in particle capture is performed by a pair of
appendages, the second maxillae (M2’s), that catch particles by <inging apart from each other
and then squeezing back together again. Each M2 is composed of a row of long hairs (called
‘setae’) that bear smaller barbs (called ‘setules’); the coarseness of this mesh of hairs diMers
between species, as does the Re range in which the setae operate (e.g. References [1; 9; 24]).
Eucalanus pileatus is a species of copepod that is very plastic in its feeding behaviour.
For example, they catch individual large algal cells with a single <ing-and-squeeze of their
M2’s, but propel small algal cells towards their mouths with a series of low-amplitude <aps of
their M2’s ([22; 31], Koehl and PaMenhQofer, unpubl. data). During these feeding motions, the
setae of E. pileatus M2’s operate at Re’s of order 10−2 . Both mathematical models (Cheer,
unpublished results reviewed in [9]) and dynamically scaled physical models [1] indicate
that E. pileatus M2’s have very low leakiness and function as paddles during such feeding
motions.
If feeding E. pileatus catch material they do not want, they reject it using a special behaviour of their M2’s [22]. The M2’s scrape along the body surface and collect the unwanted
material on the outside of the setal array. The M2’s move away from the body surface,
carrying the unwanted material (Figure 3(A)); the M2’s then move back towards the body
Copyright ? 2001 John Wiley & Sons, Ltd.
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surface more rapidly, leaving the rejected material behind (Figure 3(B) and 3(C)), where it
is carried away in a water current produced by other appendages of the copepod. Calculations
(using the technique described in Reference [8] for hairs bearing bristles) of the <ow pro%les
around setae bearing setules of the sizes and spacings of those of E. pileatus M2’s indicate
that the M2’s have a low leakiness during the slow outstroke of this rejection behaviour, but
become leakier during the more rapid instroke (Cheer, unpublished results, reviewed in [9]).
Thus, an E. pileatus can push unwanted material away from its body using slowly moving,
paddle-like M2’s; the M2’s can then move away from that material during the more rapid
inward motion when water <ows through the leaky hair arrays on the M2’s. At the Re’s at
which the rejection behaviour occurs, the motion of the M2’s towards the body surface should
further increase their leakiness [7]. This transition in leakiness can be observed in movies of
E. pileatus rejecting water labelled with dye (Figure 3).
Experiments in which physical models of M2’s of a variety of species of copepods were
moved at various Re’s, suggested that E. pileatus conduct their rejection behaviour in a range
of Re’s in which the leakiness transition occurs. The model experiments revealed that such
a transition in leakiness occurred at slower speeds (lower Re’s) for M2’s that were more
coarsely meshed (i.e. had a larger G=D for both setae and setules) than those of E. pileatus,
and occurred at higher speeds (higher Re’s) for M2’s that were more %nely meshed than
those of E. pileatus [1].
4.2. Sni,ng by lobsters
Chemical cues in the water or air around an animal can provide important information about
the environment, such as the location of food or conspeci%cs. Many animals capture odour
molecules from the surrounding <uid using olfactory antennae that bear arrays of microscopic
hairs containing chemosensory neurons (e.g. References [33–35]). The leakiness of an array
of olfactory hairs can aMect molecule interception in two ways: (1) the volume of water or air
that can be %ltered per time depends on how easily <uid can penetrate the array of hairs; and
(2) the steepness of the velocity gradients near individual hairs aMects the <ux of molecules
to the surfaces of the hairs (e.g. References [36–39; 2]).
Crustaceans such as lobsters, mantis shrimp, and crabs, capture odour molecules with the
chemosensory hairs (aesthetascs) on the lateral branches of their antennules, which they <ick
through the surrounding water (reviewed in e.g. [40; 2]). It has been suggested that antennule
<icking is a mechanism of increasing the <ow of water (and the odour molecules it carries)
into the array of aesthetascs (e.g. [41–46]). Although models of molecule interception by a
single cylinder show that changes in <ow velocity have a relatively small eMect on the rate of
interception of odour molecules by the cylinder [36; 38], models of arrays of cylinders predict
that changes in <ow velocity can have a large eMect on the rate of molecule capture by a
sensory hair in that array if the velocity change occurs in the Re range in which the leakiness
of that array of hairs is sensitive to Re [39].
We investigated the <uid motion around versus through the aesthetasc arrays of the antennules of spiny lobsters, Panulirus argus. Using high-speed video analysis of lobster antennules,
we determined that the Re of the aesthetascs was 2 during the rapid <ick downstroke, whereas
the Re was only 0.5 during the slower upstroke [47]. Measurements of the <uid <ow around a
dynamically scaled physical model of the lateral branch of a P. argus antennule [2] revealed
that <uid moves through the array of closely spaced aesthetascs during the leaky downstroke,
Copyright ? 2001 John Wiley & Sons, Ltd.
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Figure 4. Side view of the anterior end of a spiny lobster, Panulirus argus, <icking the lateral
branch of its left olfactory antennule. The lateral branch bears an array of olfactory hairs near
its distal end. (A) The arrow indicates the direction of movement of the lateral branch of the
antennule during the downstroke of the <ick. (B) The arrow indicates the direction of movement
of the lateral branch during the slower upstroke of the <ick.

but <ows around the array during the slower, non-leaky upstroke. Furthermore, planar laserinduced <uorescence measurements of <uid penetration into aesthetasc arrays of real P. argus
antennules <icking in ambient water currents in a <ume ([2]; Koehl, KoseM, Cooper, McCay,
Crimaldi, and Wiley, unpublished data) also showed that water readily penetrates the array
during the <ick downstroke, but not during the upstroke or during pauses between <icks when
the antennule is stationery with its long axis pointing roughly upstream (as it would be when
the animal faces upstream in an odour plume). Thus, during the leaky downstroke, ‘old’ water
is <ushed out of the aesthetasc array and replaced by a ‘new’ water sample, which is essentially retained within the aesthetasc array during the upstroke and the pause between <icks.
Thus, because P. argus antennules operate at this critical range of aesthetasc Re’s in which
leakiness is very sensitive to speed, they are able to take discrete water samples in space and
time with each <ick, akin to sni?ng (Fig. 4).

5. CONCLUSIONS
Both mathematical and physical models of <uid velocity pro%les around cylinders in rows of
%nite width show that a transition in the leakiness of an array of cylinders occurs as the Re of
the cylinders or the width of the gap between them is changed. The more widely spaced the
cylinders in an array (i.e. the greater the G=D), the lower the Re at which the transition occurs
between non-leaky paddle-like behaviour and leaky sieve-like function. These models led us
to predict that animal appendages bearing arrays of hairs might switch between paddle-like
and sieve-like function if they change their speed of motion in the critical hair Re range at
which the transition in leakiness occurs. The particle-capturing second maxillae of calanoid
copepods and the molecule-capturing olfactory antennules of lobsters provide examples of
how organisms can use the change in leakiness produced by a change in appendage speed to
perform particular functions.
Copyright ? 2001 John Wiley & Sons, Ltd.
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